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Free Energy (or Partition Function)

In statistical mechanics, E; is the energy of state i

1
Z = Z g p = T k — Boltzman constant
i

F = — kT log Z Helmholtz free energy

Euclidean QFT Z = Jque‘SW] (vacuum-vacuum amplitude)



Free Energy (or Partition Function)

« Free energy (partition function) /' = log Z “defines” the theory, more
precisely, contains information about the particle content/energy levels, spins,
mass... Hence, it depends on the parameters of the theory, at least on the

coupling ( F(4) in string theory). For small A

F) =) F %72+ 0(e™7)
g=0

: ) 0 l
l (I )
F- classical/tree level amplitude/prepotential

F- 1-loop correction
Fg—higher genus corrections



Topological Strings

The theory on the string worldsheet is topological, i.e. physical quantities
do not depend on the worldsheet metric.

A-model requires holomorphic maps, i.e. X(z) only holomorphically

B-model requires quasi constant maps, i. e. X->z is locally constant
Supersymmetric Gauge Theory in €2 <> Topological String Theory on CY

Topological strings on CY manifolds €, = — €, = 4, with both parameters

€, €, refined parameters of the topological string. They give (count) BPS
states more carefully, give also the spin content (explicit calculation later)!



() background €, ¢,

Introduced by Nekrasov, allows to compute the full partition function of

4D /N = 2 only vector multiplet

4D, 5D N = 2% = N/ = 2 + massive adjoint hypermultiplets

(x; +ix,) = e’ (X + ix,) (X3 + ixy) — e’ (X3 + ixy)

In 5D going around a circle x> — x> + 2zR simultaneously rotate R*
Supersymmetric Gauge Theory in €2 < Topological String Theory on CY < M2-M5-brane setup

Topological strings on CY manifolds €; = — €, = 4, with both parameters

€, €, refined parameters of the topological string. They give (count) BPS
states, give also the spin content (explicit calculation later)!



Topological String Free Energy

1 A\
Fyhn =2, 2[GVlg, ), 2(Qﬂw(z sin <”7>)
A

> > .
p>0 620 2l [ 2sin <n7

00 ] g~ 4 + g contribution to F-terms
F = (= D> re™p o from M2-M5 brane setup
s %{ 2 nz;; JZL p n(g"? — g—m2)?2

JL
2
Z (—1)_g+1[GV]ﬂ,g(q”2 _ q—1/2) 8 _ (_1)2JL/V;L Z qu
gZO f:—JL



N=2* in 5D with U(l)

The relevant non-compact CY3-fold can be described as an affine line

bundle over C X T?with a nontrivial twist: the holonomy of the fiber
around one 1-cycle of the torus is trivial, while transport around the

other 1-cycle acts by a translation of the fiber coordinate by the
adjoint mass parameter.

TWISTED AFFINE LINE BUNDLE OVER C x T2

CKPYYEHHOE AG®UHHOE IMHEVIHOE PACC/TOEHVE HAZ C x T2

1. TWISTING OVER T2 CYCLE 2.NON-TRIVIAL TRANSITION FUNCTION
CkpyumBaHue Ha 1 LMKNOM T2 HeTtpusuanbHan GpyHKUMA nepexoaa

% N / S
B 4
%) / i
) Le )/
~ A
S A
FIBER SHIFT =%
( A T shifted v'=av+b
OVERALL STRUCTURE
Obuwas cTpykTypa
TWISTED BUNDLE

EEEEEEEEEEEEEEE

AFFINE FIBER (C)
WITH TWISTING



instanton partition function of
— Dk
_ Ny 00 Qn 1 — (T Tl)n> (1 _ (TmTZ)n> 5D N =2 U(l)
02 Z TN TN . n Poghossian, Samsonyan, 09
(1-T7) (1-T13) (1 = (QT,)")

_ LieR R _ ,-mR
T)=¢e“", T,=¢€" T =e™

This gives perturbative, in A free energy for topological strings compactified on twisted affine line bundle over C X T

In the topological string theory language, it can be written as

—in —mRn L emRn i (el/ln + e—lxln)

00 e e
F=— Z n(l - e_fn) (ei/m/Z — e—i/ln/z)z

n=1
which can be rewritten as a contour integral around the positive semi-axis without zero

Fen CJ; ds 1 1  cosh(mRs) — cos(As)
s L—e et =1 (25in(s/2))”

CJ; f(s)ds

Double poles at sin give the non-perturbative in A contributions to the free energy!



Calculating the double residue we find a compact formula a for the non-perturbative, in A, correction to the free energy

Res f(s)

d ~o (27 2x . . mR
: — |AF’ | —,—(t — in),—
s=2% 41 A2 A

ie " sinh?(kzmR)
72k? sin(kal)(1 — e—k(+izd))

with FOU, % u) =



- | o| 27 P —in .
Frpropds D) = = gl AF : o || Alim 2024

A A
where \ /
1 [GV]so Q"
F'= ) [GV];,)F(A, 1) = — ’
; pot BBy = 3;0 2n2  sin(znd)
Qﬂ = e‘tﬂ with Ig associated to two dimensional cycles. In our case, we found the following two cycles and

the corresponding Kahler parameters
p=CE+M,CE—-M,CE)

typoy = €T+ mR

e = 20—

typ =10t Antoniadis, Samsonyan, 2026



Finding GV invariants with the formula mentioned before. Z (=D [GV],, (" - q‘”z)zg = (- 1)2JL./V£L Z U

g0 t=—1,
‘/V(}E+M:/V(}E—M:/V%: 1
For M op =1  =[GVgimo=Nopen =1
For Mg =1 —=[GVlpp_ o= Nop =
For /Jp=1, =[GVl +I[GVlp (@ =g == W VXq+q7),
which gives [GV ], = — 1 and [GV ], = 2. Thus, all genus zero GV invariants that we
need are

[GV]fE+M,0 = —1, [GV]KE—M,O = -1, [GV]fE,o =2



The perturbative partition function for the topological string theory on twisted affine
line bundle over C X T? has the following form

o 00+ 0" 0 - 0"y (Via ")

F=—
B (tn/2 _ t—n/2) (qn/2 = q—n/Z)
2j+1 -2j—1
2(q) = ¢ —q" is the SU(2) character
J ~1
q—d

Isttermy; o =1, Yj—0=1 Vepmo=1
2nd term )(.]L=O — 1, )(JR:O — 1 '/’/LﬂE—M,O — 1

3rd term | |
AJ=112 = (1q)"” + (tg)™"* = "7 4 772, Xm0 =1 Npp=1



Written in the integral form, it appears that perturbative and non-perturbative (instantons, SYM) free energies look very
similar

todt 1 cos(mRt)—1
t 1 —e~t sinh?2(2Rht)

String derivation gives ‘O}pert. = — 2[ ,  Angelantonj, Antoniadis, Samsonyan, 17

=9

from instantons,
e ZCJE ds 1 1  cosh(mRs) — cos(As) nonperturbative in SYM

s 1—e?®eh—1  (24in(s1/2))’

Deforming the contour around the positive semi-axis as an integral along the whole imaginary axis 2zis = ¢
A = 87Rn the two expressions match, up to the 7-dependent factor in containing the instanton counting parameter.

Or formally, take el - 0 corresponds to g%M — (0 from the negative direction since

Another way tlo obtain the perturbative result is by extrapolation of the instanton sum:
= ) e ™ extend ) e ™, then the n = 0 term corresponds to # upon the contour deformation.
-1 pert.

expanding

e fs



Refined Topological String Free Energy, in progress

~it2 cosh(Z22E) — (—1Ycos(zk=)

Fp p (€1,6) = Z D _e - —+ ¢, o€
n.p.(€1; € . : 1 2
P P — sin(nke—?)

Scalar QED parallel electric and magnetic fields, pair creation probability

- )" . 1 _ m2m
n=1 sinh < Emr)

e eE
A hint to find non-perturbative corrections to (physical) string theory free energy as an analog to Schwinger pair creation
of QED?

Im&
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https://cosmoversetensions.eu/for-the-public/teaching-the-universe/

The Big Bang Theory

Explore the journey of the universe from its
fiery infancy to its current state. This
lesson introduces the concept of the
Cosmic Microwave Background (CMB)
and how the expansion of the universe
affects light waves

Content available for download —
@ Armenian
# English

() French

Hubble Lemaitre Law

This lesson aims to teach students about
the Hubble-Lemaitre Law and the
expanding universe. Students will grasp
these complex concepts in an engaging
and meaningful manner.

Content available for download —
@ Armenian

# English

O French

E Greek

Cosmic Redshift

Explore the fascinating concept of cosmic

redshift and its implications for

understanding the expanding universe.

Engage in interactive activities and

discussions that unravel the mysteries of
light, motion, and the fabric of space.

Content available for download —
@ Armenian
# English

O French

Greek

Geometric Gravity

This lesson allows students to embark on
ajourney through the concepts of gravity,
exploring Newton’s and Einstein’s theories.
Experience hands-on activities and
cosmic adventures to understand how
gravity shapes our universe.

Content available for download —
@ Armenian

# English

() French

= Greek

Advanced QFT online lectures in progress now by C. Angelantonj

Dark Matter

Dark Energy

This lesson let students embark on an
intriguing journey through the mysterious
realm of dark matter, exploring its
fundamental role in shaping the universe.
Engage with interactive demonstrations
and discussions to uncover the secrets of
this unseen but influential force.

Content available for download —
@ Armenian
# English

O French

This lesson makes students dive into the
mysterious world of dark energy and its
profound impact on the universe. Explore
the cosmic forces at play, understand the
nature of dark energy, and unravel how it
influences the fate of the cosmos.

Content available for download —
@ Armenian

% English

O French

= Greek



https://cosmoversetensions.eu/for-the-public/teaching-the-universe/
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