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Conformal Field Theory (CFT) in 2d

@ A two-dimensional conformal field theory is a quantum field
theory that is invariant under local conformal transformations.

@ A transformation that locally preserves angles is called
conformal

@ In 2d any holomorphic transformation preserves angles.
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Lets consider a holomorphic transformation z — f(z) then the
metric transforms as

2
f‘
ds® = dzdz — gz dzdz .

Let us perform a Laurent expansion of ¢(z). Then the infinitesimal
conformal transformation can be written as

/

Z=z+¢2); e(z) = Z cpz™ 1,
nezZ

7 =7+ &32); éz) = Z g,z L.
nez

The operators that generate this transformations for a particular n
are

_ _n+1 T _ =n+1
/,, =Z 82 5 ln = 82 .
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These generators obey commutation relations:
[Ina Im] = (m - n)/n+m ) [l_m l_m] = (m - n)/_n-i—ma [/ny /_m] =0,

Only the subset {ly, /+1} generates conformal transformations that
are globally defined on the Riemann sphere S?> = C U co. These
generators satisfy the commutation relation:

o, 1] =—1-1; [, hl=h; [h,]-1] =2b,

which is the s/(2,C) algebra.
@ /_1 and [_; are generators of translations (globally
z—>z+a);
e Iy and Iy are generators of dilatations (globally z — \z);

@ /; and f are generators of the special conformal
transformations (globally z — %57).
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Fields transforming under the conformal transformation z — f(z)
according to
N
= afryh (af " & 7=
(z2,2) > (5)" (%) d(r(2). F(2).
are called primary fields with conformal dimension (h, h).
The invariance under SL(2,C)/Z, transformations determines two
and three- point functions of quasi-primary fields up to some
constants.
For the two-point functions one gets
Ci2 6

(P1(21)®2(22)) = %7
where z; = z; — zj, hy = ho = h and Cy are constants that can be
absorbed into normalization of the fields. And for the three-point
function the result is

Ci23

<¢1(21)¢2(22)¢3(Z3)> T hitho—hs hoths—hy _hsthi—hy
Z12 233 2413
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In any CFT the energy-momentum tensor has two nonzero
components: the holomorphic ant anti-holomorphic fields T(z)
and T(z).

T()T(0) = L2 + 200 4 T 4 ..

Laurent series:

Ly
T(Z) - _Z Zzn+2
Virasoro algebra:
[Lna Lm] (n - m)Ln+m + 12( 3 - n)5n+m,0 .
The OPE of energy-momentum tensor with a primary field is
h 1
T(z)® =—F50 — 0P 4.1
(0(w) = @) + S du0(w) o (4)

The OPE of two primary fields is
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The OPE of two primary fields is

®1(z1)P2(22) Z Cuzi(z1 — 22) %7217 82(0i(20) +...)  (4.3)
using the OPE of the first two fields in a four-point function of
primary fields yields

(P102P3d,) = Z Ci2sCsaa A, ({Ai}, Z)‘Fis({Ai}vz) (4.4)
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AGT correspondence and irregular conformal blocks

The correlation function can be written as a linear combination of
conformal blocks

(Var (00) Vi (1) Vias (9) Vi (0))

The 4d N = 2 partition function of SU(2) gauge theories coincides
with standard Liouville theory conformal block (AGT).

The limiting procedure which defines Argyres-Douglas theories
from SU(2) gauge theories has a simple interpretation as a collision
limit in Liouville theory, which produces irregular vertex operators
from the collision of several standard vertex operators. Thus the
Argyres-Douglas partition function correspond to irregular
conformal blocks.
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Liouville CFTs

Liouville theory is defined trough the action

/ (8@5@ + /me2b“"> d’z

The central charge of Liouville CFT is

> = i
c=1+6Q> where Q= (b+1/b).
Primary fields are V,, = exp 2ap with dimension
Ay =a(Q — a).

Primary state: L,|A) =0 for n > 0 and Lo|A) = A|A)
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Recently we (with Hasmik Poghosyan) have explored and developed a
recursive approach for deriving regular and irregular CFT blocks and their
dual gauge partition functions. In particular we considered rank 1, % and
g cases and derived the corresponding second order differential equations
(BPZ analogues) satisfied by the irregular block with a level two
degenerate field insertion. The solution we represent as a double series

expansion.
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BPZ differential equation

We start by reminding the BPZ differential equation for five point
function

F(x,2) = (po|Vaeg(2) V1(1) V2(x)|p3)
Remind that for a primary state we have
Lo|A) = AlA) , LpJA)=0 for n>0
The level two degenerate field has dimension
Lolaes) = 5 (@ 5 ) 1)
Ln|Ageg) =0 for n>0
and
(L21 + b?L_5) Vieg(z) =0
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The BPZ differential equation is

2 2z—1 x(x—1 h h) h
(ﬁ%—&z 1§§z+”1)(z)x)%+( St E ey _z(zl))F(Xz)_o

From here one can define G(x,z) = A(x, z)F(x,

2 Bi—B B,—-B B: b2x(x—1
(% - ( 11—§+1 + 2x—i+l - 73) % + z(z— i)(z )x) dx + (z— l)z) G(X7Z) =0

z) and derive

where

A = (1_X)*%(Q*2ko)(0*2k2)(1 _ )% (Q—2kg)

«  z3b(Q—2ps X*%(Qf2k2)(0*2p3)(z _ X)% (Q—2k)

1
AL = 4 (b* — 2bko — 2bky — 2bpy — 2bp3 + 2)

x (b* — 2bky — 2bky + 2bpy — 2bp3 + 2)

By = —2bky —2bps +1, B, =b*>—2bky —2bp3+1, Bs=1—2bp;
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We know e.g. form instanton counting that the solution should
have the form

o0
G(x,z) =z"x° E z'x d; j
j>0+i>0
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The recursion relation

Co(i,))dij + Gi(i)di-1 + G(i, j)dij-1 + Gs(i)dit1,j-1 =0,
where
Co(i,j) = —b?(+s)—(i+r)(Ba+i+r)
G()=A+(+r—-1)(Bi+B—Bs+i+r)
Go(i, )= -A+b*(j+s—1)—(i+r)(BL+i+r)
GUi)=0(+r+1)(Bs+i+r)
If we take i = j = 0 and the condition
dij=0 if j<0, or j+i<0
we get that
r(Bx+r)
b2
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yl
)

Go(i, j)dij + Gi(i)di—1,; + G(i, j)dij—1 + G(i)diy1,j-1 =0,
with boundary conditions
d,'JZO if j<0, or j4+i<0

we observed

d .. = (=r); (2bps - r)j
—iJ = J1(—=2(r — bky — bP3))j
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o0
. I=iydd, ..
G(x,z) =z'x g z7Ixdi_j
1j=0

We denote by
e .
g(z)=>_ diz
i=—j
in particular

go(z) = 2F1 (a1, a2; a3; 2)
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where
b2
a = j—b(k0+k2—Po+P3)+f+1,
b2
a2 = - —blk+k+po+ps)+r+l,
a3 = b>—2b(ko+p3)+2r+2

The following holds

j . .
dijj = dmo(cPy + 1), 1=01,..., j=12...

m=0
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from here we get

g(2) = Y [z cUhg0(2) + 20280 (2))]

m=0

thus

G(x,z) =2z'x° Zgj(z)xj

j=0
Remind

G(x,z) ~ (po|V1(1) Vigeg (2) V2(x)|p3)

by taking z — 0 we will obtain the four point conformal block.
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An intersting application

In NS limit for rank one conformal block we get solution of
Confluent Heun Cquation (CHE) in terms of hyper-geometric
functions. This results have unexpected application in Black hole
physics, since in special case CHE reduces to Teukolski equation,
describing metric perturbation in black hole background. This is an
ongoing project in collaboration with our ltalian colleagues from
University of Rome " Tor vergata”
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